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RATIONAL POINTS ON RATIONAL CURVES
BRECKEN BEERS AND YIH SUNG
Abstract. For a given elliptic curve, its associated L-function evaluated at 1 is closely
related to its real period. In this article, we generalize this principle to a rational curve.
We count the rational points over all finite fields and use all the counting information to
define two L- type series. Then we consider special values of these series at 1. One of the
L-type series matches the Dirichlet L-series of modulo 4, so the evaluation at 1 is pi/4;
the special evaluation at 1 of the other L-type series is equal to a real period associated
to the rational curve. This identity confirms the general principle that an L-type series
associated to a variety can reflect its geometry.
1. Introduction
1.1. L-function of A Smooth Project Curve. Let C be be a smooth projective curve
over Q of genus g. Classically, its associated L-function is defined by the Euler product
L(C, s) =
∏
p Lp(p
−s)−1, where Lp(T ) is the local L-function. At the good primes, C is
defined and nonsingular over Fp, and Lp(T ) is defined by the equation
Z(C/Fp;T ) = exp
( ∞∑
k=1
|C(Fp)|T k/k
)
=
Lp(T )
(1− T )(1− pT ) ;
at the bad primes, we refer to [3, 4]. In particular, when C = E is an elliptic curve over Q
of conduct N , its associated L-series is defined as follows.
Definition 1.1 (L-Function of An Elliptic Curve over Q, [5, Sec A.16]).
L(E, s) :=
∏
p:prime
Lp(E, s)
−1
where
Lp(E, s) =


(1− app−s + p1−2s) if p 6| N
(1− app−s) if p | N and p2 6| N
1 if p2 6| N
and ap = p+ 1− |Ep| if p 6| N ; ap = ±1 if p | N and p2 6| N .
Geometrically, one can consider the Ne´ron period
Ω(E) :=
∫
E(R)
ωE ∈ R, (1)
where ωE = dx/2dy is the Ne´ron differential and E(R) refers to the real points of E.
Surprisingly, Birch’s theorem [2] describes a relation between the special value of the L-
function and Ne´ron period:
L(E, 1)
Ω(E)
∈ Q, (2)
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which suggests one can recover the ”length” of the curve by carefully arranging the arithmetic
counting. Inspired by (2), we want to construct an L-type series on a rational curve M and
relate the series to a right notion of length on M . Unlike an elliptic curve, there is no global
differential on P1. As we only require an integral over the real points of M , we do not need
a globally defined differential. Instead, we consider a differential defined over the affine part
of M . Hence we can make sense of the integral over a real period on the affine part of M .
On the arithmetic side, the Zeta function of Pn in the classical approach is
Z(Pn/Fq;T ) =
1
(1− T )(1− qT ) · · · (1− qnT )
[5, Ch 5, Example 2.1], which implies the L-function of Pn is
L(Pn, s) = 1, (3)
which does not reflect any topological information about M . In order to extract useful
arithmetic information about M , we turn to count on Maff , the affine part of M . In this
article, we will present a new way to construct an L-type series on Maff to capture the
topological features of M such as its real period. In the end, we will link the geometry of
M to the arithmetic of M by a twisted L-series.
1.2. Statement of Results. Let us state our main results. Let M be defined by
X2 + Y 2 = Z2 (4)
in P2. In particular, the equation reduces to
x2 + y2 = 1
on Maff = C
2, the affine part of M . Let p be a prime and Maff,p be the affine variety defined
over Fp. We can then write |Maff,p| = p − ap, where ap is called the error term in our
counting because we expect to have p points on P1aff,p. Define αp = (−1)pap and we obtain
two multiplicative characters due to prime factorization. Denote n = pr11 · · · prkk and define
χ(n) =
∏
1≤i≤k
apri
i
and χˆ(n) =
∏
1≤i≤k
αpri
i
.
Then, we can construct two Dirichlet series associated to χ and χˆ:
ζ(M, s) =
∞∑
k=1
a2k−1
(2k − 1)s =
∞∑
k=1
(−1)2k−1
(2k − 1)s ,
ζˆ(M, s) =
∞∑
k=1
α2k−1
(2k − 1)s .
In fact, there is an equation to link these two L-series. We will prove the following:
Theorem 1.2 (Functional Equation of L-series).
ζ(M, s) · ζˆ(M, s) = Lχ2(X, 2s),
where χ2 is the Dirichlet character of modulo 2. In other words,
∞∑
k=1
(−1)2k−1
(2k − 1)s ·
∞∑
k=1
α2k−1
(2k − 1)s =
∞∑
k=1
1
(2k − 1)2s ,
Particularly, when s = 1,
∞∑
k=1
(−1)2k−1
2k − 1 ·
∞∑
k=1
α2k−1
2k − 1 =
∞∑
k=1
1
(2k − 1)2 .
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On the geometric side, over Maff , there is a well defined holomorphic differential form
dx
y
= −dy
x
.
Naturally, the integral of dx/y over the real cycle, namely, the real solutions of the equation
x2 + y2 = 1, represents the circumference of the circle. By taking the special value of the
L-series ζˆ at 1, we actually recover the quarter circumference.
Theorem 1.3 (Birch Type Theorem of A Rational Curve).
ζ(M, 1) =
pi
4
and ζˆ(M, 1) =
1
2
∫ 1
−1
1√
1− x2 dx =
∫ 1
0
1√
1− x2 dx =
pi
2
.
In summary, we discover a new type of L-series on Maff , and we can recover the quarter
length of the real circle by evaluating it at special values. Furthermore, we not only know
ζˆ(M, 1) =
∫ 1
0
1√
1−x2 dx = pi/2 numerically, we also find a combinatorial argument to transfer
the integral
∫ 1
0
1√
1−x2 dx into the twisted L-series ζˆ(M, 1).
1.3. Contents. This article is structured as follows: in Section 2, we calculate the number
of rational points of M over the finite field Fq, where q = p
n. Through detailed calculation,
we elaborate why the classical L-function of a rational curve is trivial. In Section 3, we
construct a classical Dirichlet L-series and a twisted L-series by the error terms in rational
point counting developed in Section 2. Then we consider special values of the L-series and
prove Theorem 1.2, which is a functional equation to connect these L-series. In section 4,
we provide a combinatorial argument to prove Theorem 1.3.
2. Rational Point Counting on Rational Curves
2.1. Point Counting. In this section we are going to investigate the rational points on a
rational curve. Let M ∼= P1 defined as x2 + y2 = z2 in P2C and its affine part Maff is defined
by x2 + y2 = 1 in C2.
Notation 2.1. Let p be a prime and q = pn for some integer n ∈ N. We denote Mq the
variety defined over Fq and |Mq| the number of rational points over Fq.
Let us count rational points of the affine part of M over the finite field F2n .
Lemma 2.2.
|Maff,2n | = 2n.
Proof. As the characteristic of F2n is 2,
y2 = 1− x2 = 1 + x2 = (1 + x)2
in F2n . Hence, y = ±(1+x). However, in F2n , (1+x) = −(1+x). In other words, for every
x, there exists a unique solution to the equation y = 1+x. Therefore, |Maff,2n | = |F2n | = 2n.
In summary, there is no error term in counting over F2n . 
Let us count rational points of Mq, where q = p
n and p is an odd prime.
Lemma 2.3. Let p be an odd prime and q = pn for some n. Then
|Maff,q| = q − (−1)
q+1
2︸ ︷︷ ︸
err. term
. (5)
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Proof. For the finite field Fp, the result is equivalent to solving the equation y
2 = 1 − x2.
As the set S = {y ∈ F∗p | y = x2 for some x} has p−12 elements, the set S1 = {(1 − x2) 6=
0 | x ∈ Fp} has at most p−12 elements. Since we can take ±y for each x ∈ S1, there are
at most p−12 · 2 solutions for y 6= 0. If x = ±1, we have y = 0. Hence, there are at most
p−1
2 · 2 + 2 = p+ 1 solutions and at least 2 solutions.
On the other hand, we can calculate |Mp| modulo p by the standard trick (cf. [7]):
|Maff,p| ≡
∑
x∈Fp
(1− x2) p−12 =
∑
x∈Fp
p−1
2∑
k=0
C
p−1
2
k (−1)kx2k
=
p−1
2∑
k=0
(−1)kC
p−1
2
k
( ∑
x∈Fp
x2k
)
≡ −(−1) p−12
because ∑
x∈Fp
xk ≡
{
−1, if (p− 1) | k
0, if (p− 1) 6| k mod p. (6)
As 2 ≤ |Maff,p| ≤ p+ 1, we know |Maff,p| = p− (−1) p−12 .
For the general q = pn case we refer to [1, Thm 3.1]. 
We turn to count points at infinity. At infinity, the equation of M locally can be repre-
sented by
1 +
Y 2
X2
=
Z2
X2
=⇒ 1 + y2 = z2,
so M intersects with the P1∞ at the solutions of 1 + y
2 = 0. Over the finite field F2n , the
equation is always solvable because
y2 = −1 = 1 =⇒ y = ±1 = 1.
In other words,
Lemma 2.4.
|M∞,2n | = 1. (7)
With regard to the general odd primes, we have:
Lemma 2.5. Let p be an odd prime and q = pn.
|M∞,p| =
{
2 if p ≡ 1 mod 4
0 if p ≡ 3 mod 4 .
Therefore,
|M∞,p| = 1 + (−1)
p−1
2 = 1− (−(−1) p−12︸ ︷︷ ︸
err. term
)
.
In general,
|M∞,q| = 1 + (−1)
q−1
2 = 1− (−(−1) q−12︸ ︷︷ ︸
err. term
)
. (8)
Proof. By Fermat’s Little theorem, a
p−1
2 ≡ 1 if and only if there exists x ∈ Fp such that
x2 = a. Therefore, the result follows. Regarding the general finite field Fq, we refer to
[7]. 
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Remark 1. Combining (5) and (8), we obtain
|Mq| = |Maff,q|+ |M∞,q| = q + 1,
namely, there is no error term in rational point counting on P1. That is why the classical
L-function of P1 is trivial. It also suggests that we can derive (5) by combing (8) and (3). In
this approach, we do not need to go through the technical calculation involving the Jacobi
summations.
3. New Type of L-series
3.1. Twisted L-series. As Remark 1 points out, from the arithmetic perspective, there is
no interesting L-function if we consider the entire compact Riemann surface; on the other
hand, geometrically, we have to give up the ∞ of P1 and consider its affine part, which is
the regular complex plane C, in order to get a holomorphic differential. From now on, we
will focus on the point counting and integrals over the affine part.
Similar to the L-function of elliptic curves, we will use the error terms in point counting
to construct L-function type series. Let p be an odd prime. We denote
ap := (−1)
p−1
2 ,
which is the error term in (5). We intend to define an L-function type generating function
which makes ap and apn compatible. The key is the iteration equation of ap.
Lemma 3.1.
apk = apk−1 · ap. (9)
Hence, apk = (ap)
k.
Proof. The result is just a mater of calculation.
apk = (−1)
pk−1
2 = (−1) p
k
−p+p−1
2 =
(
(−1) p
k−1
−1
2
)p
︸ ︷︷ ︸
=(−1)
pk−1−1
2
·a p−12 .
Thus, apk = apk−1 · ap. 
In particular, consider k = 1 and we obtain ap = ap0 · ap = a1 · ap, which implies
ap0 = a1 = 1. (10)
However, apk = (−1)
pk−1
2 is not the only solution to the recursive equation (9):
αpk = (−1)k(−1)
pk−1
2 = (−1)kapk (11)
also satisfies equation (9):
αpk = (−1)k−1(−1)
pk−1−1
2 · (−1)(−1) p−12 = αpk−1 · αp.
Hence, by Lemma 3.1,
αpk = (αp)
k. (12)
Now we have two options to construct the desired series. First, we can construct a classical
Dirichlet L-series by {an}. Let
fp(s) =
∞∑
k=0
apk
pks
=
∞∑
k=0
(ap)
k
(ps)k
=
1
1− apps
,
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which is precisely the Dirichlet L-series of modulo 4:
ζ(M, s) =
∏
p
fp(s) =
∏
p
1
1− apps
=
∞∑
n=1
an
ns
=
∞∑
n=0
(−1)n
(2n+ 1)s
.
We can twist the construction on the error terms because {αpn} also satisfies the iterative
equation (9). Consider an L-type generating function at prime p by the twisted factors:
fˆp(s) =
∞∑
k=0
αpk
pks
=
∞∑
k=0
(−1)k(ap)k
(ps)k
=
1
1 +
ap
ps
,
which induces a Dirichlet L-type function
ζˆ(M, s) =
∏
p
fˆp(s) =
∏
p
1
1 +
ap
ps
=
∏
p
1
1− αpps
=
∞∑
n=1
αn
ns
,
where αn satisfies the equations{
αpk = (−1)k(−1)
pk−1
2 if p is a prime
αrs = αr · αs if (r, s) = 1
. (13)
These {an} and {αn} define two Dirichlet characters. Let χ(n) = an, which is the
Dirichlet character of modular 4 and χˆ(n) = αn for n = p
r1
1 p
r2
2 · · · prkk can be written as
χˆ(n) = (−1)r1+r2+···+rkχ(n). (14)
Obviously, χ and χˆ are multiplicative functions over Z.
3.2. Special Values of The Twisted L-series. In this section, we will explore the special
values of the L-series ζ(M, 1) and ζˆ(M, 1). As ζ(M, 1) is the classical Dirichlet series, its
special value at 1 is well known:
Lemma 3.2 (Dirichlet series [6, Ch2] ). Let pn be the n-th prime. Then
pi
4
= ζ(M, 1) =
∏
p≡1 (4)
1
1− 1p
·
∏
p≡3 (4)
1
1 + 1p
=
∞∏
n=2
1
1− (−1)
pn−1
2
pn
=
∞∏
n=2
1
1− sin
pipn
2
pn
.
With regard to the special value of ζˆ, we have:
Lemma 3.3 (Euler’s product formula of pi). Let pn be the n-th prime. Then
pi
2
= ζˆ(M, 1) =
∏
p≡1 (4)
1
1 + 1p
·
∏
p≡3 (4)
1
1− 1p
=
∞∏
n=2
1
1 + (−1)
pn−1
2
pn
=
∞∏
n=2
1
1 +
sin pipn
2
pn
.
Proof. Consider the product( ∏
p≡1 (4)
1
1 + 1p
·
∏
p≡3 (4)
1
1− 1p
)
·
( ∏
p≡1 (4)
1
1− 1p
·
∏
p≡3 (4)
1
1 + 1p
)
=
∏
p: odd prime
1
1− 1p2
=
∑
n: odd
1
n2
=
pi2
8
.
(15)
Since we know
∏
p≡1 (4)
1
1− 1
p
·∏p≡3 (4) 11+ 1
p
=
∑∞
k=1 (−1)
2k−1 1
2k−1 =
pi
4 , which implies the
desired result. 
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We can easily extend the argument and result in (15) by raising the power of 1/p to s as
follows.
Theorem 3.4 (Functional Equation of L-series).
∞∑
k=1
(−1)2k−1
(2k − 1)s ·
∞∑
k=1
α2k−1
(2k − 1)s =
∞∑
k=1
1
(2k − 1)2s .
Particularly, when s = 1,
∞∑
k=1
(−1)2k−1
2k − 1 ·
∞∑
k=1
α2k−1
2k − 1 =
∞∑
k=1
1
(2k − 1)2 .
4. Main Results
Now we turn to examine the geometric side of M . We will present our main identity in
relating the twisted L-series ζˆ(M, 1) with the quarter circumference integral
∫ 1
0
1√
1−x2 dx.
4.1. Elementary Identities. First, recall some elementary integrals in calculus:
Lemma 4.1. ∫ pi/2
0
sinn x dx =
n− 1
n
∫ pi/2
0
sinn−2 x dx,∫ pi/2
0
cosn x dx =
n− 1
n
∫ pi/2
0
cosn−2 x dx.
(16)
Proof. The proof only involves integration by parts, so we leave the details to the readers. 
Notice that
∫ pi/2
0 cos
2 xdx = pi4 and
∑∞
k=0(−1)k 12k+1 = pi4 numerically. In the following
calculation, we illustrate a combinatorial transformation between the integral and the series.
Lemma 4.2. ∫ pi/2
0
cos2 x dx =
pi
4
=
∞∑
k=0
(−1)k 1
2k + 1
.
Proof. By trigonometrical substitution:∫ pi/2
0
cos2 xdx =
∫ pi/2
0
1
1 + tan2 x
dx =
∫ ∞
0
1
(1 + u2)2
du,
where u = tanx. Compute∫ ∞
0
1
(1 + u2)2
du =
∫ 1
0
1
(1 + u2)2
du+
∫ ∞
1
1
(1 + u2)2
du
=
∫ 1
0
1
(1 + u2)2
du+
∫ 1
0
v2
(v2 + 1)2
dv =
∫ 1
0
1
(1 + u2)2
du+
∫ 1
0
u2
(1 + u2)2
dv
=
∫ 1
0
1
1 + u2
du =
∞∑
k=0
(−1)k 1
2k + 1
.
by letting v = 1/u. Hence, we are done. 
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Notation 4.3 (Double factorial). Let n ∈ N be an integer. If n = 2k is even, then
n!! =
∏
1≤i≤k
(2i) = n(n− 2) · · · 4 · 2;
if n = 2k + 1 is odd, then
n!! =
∏
1≤i≤k+1
(2i− 1) = n(n− 2) · · · 3 · 1.
By iterating Lemma 4.1, we have the following identities:
Theorem 4.4.∫ pi/2
0
sin2k x dx =
∫ pi/2
0
cos2k x dx =
1 · 3 · · · (2k − 1)
2 · 4 · · · (2k) · 2
∞∑
k=0
(−1)k 1
2k + 1
.
In other words,
(2k − 1)!!
(2k)!!
=
1 · 3 · · · (2k − 1)
2 · 4 · · · (2k) =
∫ pi/2
0
sin2k x dx
2
∑∞
k=0 (−1)
k 1
2k+1
=
∫ pi/2
0
cos2k x dx
2
∑∞
k=0 (−1)
k 1
2k+1
. (17)
Proof. This is a direct consequence of Lemma 4.1 and Lemma 4.2:∫ pi/2
0
cos2k xdx =
1 · 3 · · · (2k − 1)
4 · 6 · · · (2k) ·
∫ pi/2
0
cos2 xdx =
1 · 3 · · · (2k − 1)
2 · 4 · · · (2k) · 2
∞∑
k=0
(−1)k 1
2k + 1
.

4.2. Twisted L-series And The Real Period. We are ready to present the proof of
Theorem 1.3. Recall a simple fact about the circumference integral of a circle:
Lemma 4.5. ∫ 1
−1
1√
1− x2 dx = pi.
Proof. By the simple fact that
∫
1√
1−x2 dx = sin
−1 x, we have
∫ 1
−1
1√
1−x2 dx = sin
−1 x
∣∣1
−1 =
pi/2− (−pi/2) = pi. 
Inspired by the identity, we aim to build a relation between the twisted L-series ζˆ(1)
and the integral
∫ 1
0
1√
1−x2 dx. By detailed calculation, we can uncover a combinatorial
transformation between the integral and the series.
Theorem 4.6 (Birch Type Theorem of A Rational Curve).
ζˆ(X, 1) =
1
2
∫ 1
−1
1√
1− x2 dx =
∫ 1
0
1√
1− x2 dx. (18)
Proof. By the binomial expansion, we have
S =
∫ 1
0
1√
1− x2 dx =
∫ 1
0
∞∑
k=0
C
−1/2
k (−x2)k dx =
∫ 1
0
∞∑
k=0
1 · 3 · · · (2k − 1)
2 · 4 · · · (2k) x
2k dx
=
∞∑
k=0
(2k − 1)!!
(2k)!!
· 1
2k + 1
=
1
A
∫ pi/2
0
∞∑
k=0
cos2k x · 1
2k + 1
dx. (19)
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Note that we apply Theorem 4.4 to the last equality and
A = 2
∞∑
k=0
(−1)k 1
2k + 1
.
Let f(t) =
∑∞
k=0
t2k
2k+1 . Then f(t) · t =
∑∞
k=0
t2k+1
2k+1 , which implies
(f(t) · t)′ =
∞∑
k=0
t2k =
1
1− t2 =⇒ f(t) =
1
t
∫
1
1− t2 dt =
1
2
ln
(1 + t
1− t
)
· 1
t
(20)
when |t| < 1. Apply this identity to (19) and we then obtain
S =
1
A
∫ pi/2
0
1
2
ln
(1 + cosx
1− cosx
)
· 1
cosx
dx =
1
A
∫ pi/2
0
(− ln tan(x/2)) sec
2(x/2)
1 − tan2(x/2) dx
=
1
A
∫ 1
0
(− lnu) 2
1− u2 du by letting u = tan(x/2)
=
2
A
∫ 1
0
(− lnu)
∞∑
k=0
u2k du =
2
A
∞∑
k=0
∫ 1
0
(− lnu)u2k du.
With the aid of integration by parts, we have∫ 1
0
(− lnu)u2k du = lim
b→0
(− lnu) u
2k+1
2k + 1
∣∣∣∣∣
1
b
+
∫ 1
0
1
u
· u
2k+1
2k + 1
du
= lim
b→0
(
ln b
b2k+1
2k + 1
)
+
∫ 1
0
u2k
2k + 1
du =
1
(2k + 1)2
.
Therefore, we have derived
S =
2
A
∞∑
k=0
1
(2k + 1)2
=
∑∞
k=0
1
(2k+1)2∑∞
k=0 (−1)
k 1
2k+1
=
∞∑
k=0
α2k+1
2k + 1
,
by Theorem 3.4. The desired result follows. 
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